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TRINITY COLLEGE
SPECIALIST UNIT 1 4

Question 2

SEMESTER ONE 2022
CALCULATOR-FREE

(5 marks)

Use the inclusion-exclusion principle to determine how many integers between 1 and 131
inclusive are divisible by 2,3 or 8.

Solution
Divisible by 2; or by 3; or by 8:
|131 + 2] =65
1131 + 3] =43
1131 +8] =16

Divisible by 2 and 3 (6); or by 2 and 8 (8); or by 3 and 8 (24):

[131 = 6] = 21
[131+8] =16
[131+24] =5

Divisible by 2 and 3 and 8 (24):
|131+24| =5

Using the inclusion-exclusion principle:
n=65+43+16—-21-16—-5+5
=65+43—-21
=87

Specific behaviours

v clearly indicates methodical approach

v at least two correct cases for divisible singly
v at least two correct cases for divisible by pairs
v" correct number for divisible by all three

v obtains correct number of integers, no errors

(NB No marks for correct answer if no evidence of use of inclusion-

exclusion principle)

See next page

SEMESTER ONE 2022
CALCULATOR-FREE 5

Question 3

Two vectors are a = 6i — 8j and b = i — 3j.

(a)

(b)

Determine the vector projection of a on b.

Solution

AlmmVAIva 1y_30
Gra i

= Alwov

(%)

et

Specific behaviours

v indicates correct method
v’ correct scalar products
v’ correct vector

TRINITY COLLEGE
SPECIALIST UNIT 1

(7 marks)

(3 marks)

Vector ¢ = xi + yj has twice the magnitude of a and is perpendicular to b. Determine the

values of the constants x and y.

Solution

Require AU . Alpwv =0 and _Gv_ = N_

Hence x — 3y = 0 and x? + y? = 4(62

(3y)? + y2 = 400
10y? = 400
y = +2v10,

(Sl

+ (—8)2) = 400.

x =3y

Hence x = 6V10,y = 2v/10 or x = —6v10,y = —2+/10.

Specific behaviours

v' equation using perpendicular
v" equation using magnitude

v solves for one constant

v states both solution sets

See next page

(4 marks)
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TRINITY COLLEGE SEMESTER ONE 2022 SEMESTER ONE 2022

SPECIALIST UNIT 1 8 CALCULATOR-FREE CALCULATOR-FREE 9

Question 6 (8 marks) Question 7

(@)  ABC is an isosceles triangle in which BA = BC. If M is the midpoint of AC, use a vector (a) Points 4, B and C lie on an arc of a
method to show that BA + BC = 2BM. (3 marks) circle with centre 0 as shown at right.

(b)

Solution

BM =BA+4AM (1)
BM = BC + CM
=BC-MC
=BC—4M (2)
(Since AM =MC as M is midpoint of AC)

Adding (1) + (2)

BM + BM = BA + AM + BC — AM
2BM = BA + BC

Specific behaviours

v two equations for BM
v uses midpoint to eliminate AM or CM
v’ adds equations and simplifies

Solution
Dg = ﬂ +4Q A
= DA + hAM
=DA+ :A DC — Ev
uc|3§.+wc|m. [¢)) D M C
2
But also
DG = kDB
= k(DA + DC)

= kDA +kDC (2)
Equating (1) and (2)

— h_,
wu\_+€n1315u>+ -DC
Equating vector coefficients
h h 2 1
k=1l—-hand k===>-=1-h>h=-, k==
2 2 3 3

Specific behaviours

v sketch diagram

v expresses DQ in terms of DA and AM

v obtains equation (1)

v’ obtains equation (2)

v’ equates coefficients to obtain value of each constant
(Many variations exist using different sides or DA = a, etc)

See next page

ABCD is a parallelogram and M is the midpoint of DC. Diagonal DB intersects AM at Q so

that AG = hAM and DG = kDE. Use a vector method to determine the value of the
constant h and the value of the constant k.

(5 marks)

Chord AC intersects OB at point D.

The diagram is not drawn to scale.

When £ABC = 122° and «BCA = 33°, determine the size of 2BDC.

Solution

1
£0BA = (180°~ 66°) = 57°
£BDC = 25° + 57° = 82°

£AOB = 24BCA = 2 X 33° = 66°
£BAC = 180°— 122° — 33° = 25°

Specific behaviours

v obtains £AOB
v  obtains £BAC
v’ obtains 20BA
v’ correct £BDC

TRINITY COLLEGE
SPECIALIST UNIT 1

(8 marks)

(4 marks)

A secant cuts a circle with centre 0 at points M and N. Secant MN is extended beyond N
to point P, where it meets a line that is a tangent to the circle at point Q. Prove that the
size of ZNPQ is equal to one half the difference of the sizes of LM0Q and 2N0Q.

Solution

(4 marks)

Let ZNPQ = x and £PQN =y. Then

LMNQ =x+y (€8]

2M0Q =2x+2y (2)

<NMQ =y 3)

ZNOQ = 2y )
Hence

1 1
5 (£M0OQ ~ £NOQ) = 5 (2x + 2y — 2y)
=x

= ZNPQ

Reasoning:

(1) sum of two interior angles is equal to the opposite exterior angle

(2) angle at centre property
(3) angle in alternate segments

Specific behaviours

v’ reasonable diagram (variations exist - secant between 0 and Q, etc.)

v derives expression for zM0Q
v derives expression for ZNOQ
v’ completes proof, with reasonable explanation throughout

End of questions
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TRINITY COLLEGE SEMESTER ONE 2022
SPECIALIST UNIT 1 4 CALCULATOR-ASSUMED

Question 9
Four figure numbers are to be formed from the digits 1,2,3,4,5.

(a) How many different four figure numbers can be formed
0) if repetition of digits is allowed?

Solution
5% = 625

Specific behaviours
v’ correct number

(ii) without repetition of digits?

Solution
5X4x3x2=120

Specific behaviours
v’ correct number

(b) How many of the numbers without repetition are greater than 4312?
Solution

Start with 4315: 1

Start with 432 or 435: 2 x 21 = 4

Start with 45: 1 x 3! =6

Start with 5: 1 x 4! = 24

Total numbers: 1+ 4+ 6 + 24 = 35

Specific behaviours
v splits into cases

v’ correct count for at least two cases
v correct number

(c) How many of the numbers without repetition are less than 43127

Solution
120—35—-1=84

Specific behaviours
v’ correct number

See next page

(6 marks)

(1 mark)

(1 mark)

(3 marks)

(1 mark)

SEMESTER ONE 2022 TRINITY COLLEGE
CALCULATOR-ASSUMED 5 SPECIALIST UNIT 1
Question 10 (9 marks)

(a)

(b)

Points P, Q, R and S lie in order on the circumference of the circle with centre 0 so that

PQ =8.8cm, PS = 10.5 cm, and PR and QS are diameters. Determine, with brief reasons

and to the nearest degree, the sizes of 2PQS, 2PRS, «P0OS and £RPS. (5 marks)
Solution
£PQS = tan~! Aé.mv =50°
Qs = 88/

£PRS = £PQS = 50° (angle on same arc)

£P0OS = 2£PQS = 100° (angle at centre)

£RPS = 90° — 50° = 40° (angle in semicircle)

Specific behaviours

v labelled diagram showing diameters, chords, lengths
v'v'v'¥ calculates each angle, with reasoning

Points A4, B and C lie on the circumference of a circle of radius 26 cm, so that BC = 28 cm
and AC = 45 cm. Prove by contradiction that the midpoint of chord AB is not the centre of
the circle. (4 marks)

Solution

Assume that the midpoint of AB is the centre of the circle.

Hence AB is a diameter of the circle and the angle in a semicircle theorem implies that
AABC must be right angled at C.

Using Pythagoras' theorem, the length of diameter AB is given by
AB =+/AC? + BC?
= /452 + 282

=53cm
Hence the radius of the circle is 53 + 2 = 26.5 cm.

This result contradicts the fact that the radius of the circle is 26 cm and so our
assumption is wrong and thus the midpoint of chord AB is not the centre of the circle.

Specific behaviours

v states assumption

v' uses assumption to imply that AABC is right angled
v calculates diameter of circle

v' uses contradiction to complete proof

See next page
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TRINITY COLLEGE SEMESTER ONE 2022
SPECIALIST UNIT 1 8 CALCULATOR-ASSUMED
Question 13 (7 marks)

(@)  Consider the letters in the word DEMATERIALISE. Determine the number of different

(i) combinations of 3 letters chosen from the consonants in the word. (1 mark)
Solution

-

Specific behaviours
v’ correct number

(ii) permutations of all the letters in the word. (2 marks)

Solution

13!

n

Specific behaviours
v’ reasonable attempt to deal with repeated letters
¥ correct number

(b) Four-digit pin codes such as 3812 are made by randomly choosing four different digits
from those in the number 12 345 678. Determine the fraction of all such possible pin codes
that start with 12 or end in 8. (4 marks)

Solution
If T are codes that start with 12, and N are codes that end in 8, then
n(T)=1x1x6x5=30
n(N)=7x6x5x1=210
n(NNT)=1%x1x5%x1=5
n(NUT)=30+210—5 = 235

Total number of codes is 8P, = 1680. Hence fraction of all codes is

235 47
1680 336
Specific behaviours

v calculates n(T),n(N)

v calculates n(N nT)

v" uses inclusion-exclusion for n(N U T)

v number of all possible codes and correct fraction

See next page

SEMESTER ONE 2022 TRINITY COLLEGE
CALCULATOR-ASSUMED 9 SPECIALIST UNIT 1
Question 14 (8 marks)

Two vectors are a = Alxmv and b = A

(@

(b)

6

v\v where x and y are constants.

When x = 11 and y = 7, determine

(i) a-b. (1 mark)

Smo_cwos
Almv ’ Tv =8

Specific behaviours
v’ correct value

(i) a unit vector in the same direction as a — b, in exact form. (2 marks)
Solution

5
/
=nu|cquU1@nﬁlev Lm\ww

Specific behaviours

=
Il

v indicates a—b
v correct unit vector

(i)  the angle between the directions of the unit vectors a and b, rounded to one
decimal place. (2 marks)
; Solution
NB the direction of a vector and its unit vector are the same.

Using CAS, 6 = 73.843° ~ 73.8° to one dp.

Specific behaviours
v" indicates method
v’ correct angle, as required
Determine the value of x and the value of y when a and b are perpendicular, x < y, and
la+b|=12.2. (3 marks)
Solution
a-b=0=6x—-5y=0

la+b|=122= (x + 6)% + (y — 5)% = 12.22

Solving simultaneously for solution where x < y:

Specific behaviours
v’ obtains equation using scalar product
v’ obtains equation using sum of magnitudes
v states correct solution set

See next page



(syrew g)

‘uonoalip aysoddo ayy ut 3ng Y 0} epnjubew [enba Jo Yooy 8y} UO 80104 B SUSXS |[EM 3Y L 6)

(syew g)

abed jxau aag
UOI}03lIp S9SIaAal A[}081I00 A
W10} JusuodwoD Ojul SHSAUOD A
Jejiwis 10 'sixe-x Yjm jueynsal jo a|bue sajeoipul 4
SINOIAEYSq 21109ds

‘(4°S/ +1Z°18Z S! ||[em Ag pallaxa 8210} 8duUsH

[y'sL —12'182—
((§9T—)uIs ‘ (,69T—)S02)ST'T6Z

I

d

G9T— = oG/ — 06— SI SIXE-X UY})IM Sa¥ew Y o|buy
uonnjog

i
21bvY

/ {

‘[ pue I s10}08A Jun Buisn 9210} sIy} ssaldx3]

|BJUOZLIOY UM B|Bue SB)e|NoED A

VCQ:LQ

a|Bue yym ajni auis Buisn uoissalidxa N P! ] bl
apnyubew sajenojes 4 &
apnyubew yum ajns auisod Buisn uoissaidxe 4
((e) ur 10 assy uMoys) $a210) UsBM]EQ B|BUE 1081100 A \\M | t St-
sinoiAeijaq sijioad :
1ABLRq DljIdadg 12181~
0GL = oLE — 02T *+ 006 S! [[EM Y}im 8|Bue anoe aousH
|h*S4—
0'LE=0 / . -
ST'T6Z _ S61 . 177132~ ) =
J9ITUIS guls
i pue ' usamiaq a|bue ay) aq ¢ 197 \ﬂ
951)7) [ (%s1)7
N 162 ~ STT67 = ya Syl + _
OTTS00 (S6TIUITZ — 56T + b1 =11l 7 N\ thi

W9TT = oZ¥ — oZZ — o081 SI S80J0} USBMIaq 8|Buel U 8|Buy

UONN|oS

‘llem 8y} yum saxew }i a|Bue sjnoe ay) pue Yy jo spnyubew ay) ‘Buiuoseal yum ‘suiwisied  (q)

(pew 1)

(sy1ew g)

L LINN LSITVIOAdS L
3937100 ALINRIL

jueynsal yym ajbuels) seya|duiod pue SI0J08A 80104 S|Ie}-0)-9S0U

SInoiAByaq oyioedg

uonnos

o pue 2y ‘T usamiaq diysuole|al ayy moys 03 ajbueLl e yoyeys (e)
“d S %1 pue 4 Jo Jueynsal sy

*»Z¥ J0 uoissaidap jo a|bue ue je sjoe pue

N S6T apnjubew sey % pue ,zz JO UoiieAs|s jo s|bue

ue je sjoe pue N £¥T apnjubew sey 4 ‘||lem [eooA B

0} paxi} ooy |[lews e uo aue|d [ediaA awes au ul Bunoe
24 pue ' s2010} Smoys ‘a|eos 0} jou ‘bu Je weibelp sy

91 uopsanp

A3INNSSVY-¥OLVINOTVO
2202 INO ¥3LS3IN3S

3

| od 09

obed jxau sag

Snipel J081109

uonenba seA|0S 4

uonenba eale wJoj 0} Apadoud sjouolwes ul sa|bue sasn
weibelp s|qeuoseal o

SINOIABLAq J1100ds

wo 678 = LIMZ =4
v+ 291 = ,(42)

99UsH

v=x

Y9 = XV

[ SQSM =y
:90UsH
‘(spodoiwss ul ajbue) sjbuew Jybll si o)y Jo SHY

uonnjog

(sxreW ¥)

*9|2J10 B} JO SNIPEJ 8Y} BuIWIS}ep

', WO 9 SI 9HY BY) JO ESJE B} §| "9PIS JaHoys Jusoelpe ay} Jo yibus| sy} saLul noj
SI 8]y 8y} JO apis Jabuo| Yo "9[0lI0 B JO S0USIBJWINDIIO S} UO SI| 8} B JO S8OILSA 8y 1

umoys si WOz = ddl 81aym ‘s|qejdsooe osje s jooid 10joan v gN

Jooud sa)e|dwod A

206 = DN 07 10} SUOSED] A
206 = Dd¥7 10} Suoseal s
weibep A

SinojAeyaq oy10ods

‘dy 0} |9)leled s1 wo uay) sa|bue Buipuodsaliod
ale Aay} aouls pue Od¥7 = OWO7 @0uUsH

0
[¢] o

06 = OWO7 Os ‘ployo

0} Jejnoipuadiad s| pJoyd Bunoesiq o wioly aur

d 206 = Od¥7 :9ou0IWas Ul 3|buy

uonnjog
(sxrew ) "d¥ 0} |3||esed S| WO ¥ey) 8A0Id "W S! Dd 40 julodpiuw

ay] “Is)awelp B S| YO Jey) 0S O 91jUd0 UM 3J0JID B UO 3| ¥Od o|buel) Jo SedIueA 8y (e)
(sx1ew g) G| uonsanp
A3INNSSVY-HOLVINDIVI ol L LINN 1SITVIO3dS
2202 INO ¥3LS3IN3S 3937700 ALINIML

(@)



TRINITY COLLEGE SEMESTER ONE 2022
SPECIALIST UNIT 1 12 CALCULATOR-ASSUMED
Question 17 (9 marks)

A small boat has a cruising speed of 17 km/h in still water. The boat leaves point A at 8:30 am
and travels to point B, 7.7 km due east of 4, where it turns and travels to point C, 3.6 km due
north of B. The boat then returns to A. A current of 2.6 km/h runs in an easterly direction
throughout the area.

(a) Determine the time taken to travel from point A to point B. (1 mark)

Solution
Time for leg AB: typ = 7.7 + (17 + 2.6) = 0.3929 h.

Specific behaviours
v time for leg AB

= 73%.5% mins

(b) Determine the time taken to travel from point B to point C. (2 marks)

Solution
Speed made good for leg BC:

sap = V172 — 2.6% = 16.8 km/h.

Time for leg BC: tg: = 3.6 + 16.8 = 0.2143 h.

Specific behaviours
v speed for leg BC
v time for leg BC

= 12. 958 mins

See next page

SEMESTER ONE 2022
CALCULATOR-ASSUMED 13

(©

(@

Determine the time taken for the return leg, from point C to point A.

Solution ...
2.6 / c) e
. ( 36
B\ 264 /A 77 B
3.6
£A = tan™?t AMV = 25.0576° —» 180° — £A
= 154.9424°

Speed made good for leg CA:
172 = s¢, + 2.6% — 2(s¢4)(2.6) cos 154.9424°
Sca = 14.61

Distance CA: CA = V3.62 + 7.72 = 8.5 km

Time for leg CA: t;4 = 8.5 + 14.61 = 0.5818

Specific behaviours
v correct diagram for last leg (centre diagram)
v calculates angle in last leg triangle

v indicates correct use of trig to solve for s;,
v' speed for leg CA

v distance and time for leg CA

= 3L.908 mins

What time does the boat return to A?

Solution

Total time: t = 0.3929 + 0.2143 + 0.5818 = 1.189
=1:11'20" h.

returnto A at 8:30 + 1: 11 = 9:41 am.

Specific behaviours

v correct return time

See next page
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(1 mark)
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CALCULATOR-ASSUMED 16 SPECIALIST UNIT 1

Supplementary page

Question number:



